In this article we show that the gravitational field in massive conformal gravity couples consistently with Dirac spinor fields. We solve the problem of consistency by considering that the Dirac spinor fields couple with both the metric field and a scalar field, which are the gravitational field variables of massive conformal gravity.
Introduction
The massive conformal gravity [1] is a recently developed theory of gravity in which the gravitational action is the sum of the Weyl action [2] with the Einstein-Hilbert action conformally coupled to a scalar field [3] . The gravitational potential of massive conformal gravity, which is composed by a Newtonian potential and a Yukawian potential, may be useful to explain the dark matter problem [4] . Furthermore, the conformal symmetry of the theory indicates that it may be renormalizable [5] . The minus sign in the momentum space propagator of fourth-order theories of gravity [6] such as massive conformal gravity does not imply the presence of a ghost state but can actually appear in theories with strictly positive norm [7] .
It was recently been shown that the Shwarzschild black hole is unstable in massive conformal gravity [8] . This instability, which is a common feature of the Schwarzschild black hole found in massive theories of gravity [9, 10] , may be useful for the resolution of the information paradox for evaporating black holes [11] and the singularity problem of black holes in general relativity.
It is well known that conformally invariant theories of gravity couple consistently with matter fields whose energy-momentum tensors are traceless [12, 13] . However, in these theories the matter fields are considered to couple only with the metric tensor. In this article, we consider that the matter fields couple also with the scalar field of massive conformal gravity. In section 2 we derive the field equations of the theory in the presence of matter fields. In section 3 we analyze the coupling of the Dirac spinor fields with the gravitational field in massive conformal gravity. Finally, in section 4 we present our conclusions.
Massive conformal gravity
The total action of massive conformal gravity is given by
where α and β are dimensionless constants,
is the Weyl tensor, ϕ is a scalar field, R α µβν is the Riemann tensor, R µν = R α µαν is the Ricci tensor, R = g µν R µν is the scalar curvature, and
1 is the Lagrangian density of the matter field Ψ. It is worth noting that the total action (1) is invariant under the conformal transformations
where θ(x) is an arbitrary function of the spacetime coordinates.
Varying the total action (1) with respect to g µν and ϕ, we obtain the field equations
and
respectively, where
is the Bach tensor,
is the Einstein tensor,
is the generally covariant D'lambertian for a scalar field, and
is the matter energy-momentum tensor. Taking the trace of eq. (6), we find
where we used g µν W µν = 0, g µν G µν = −R and ϕ 2 = 2(ϕ ϕ + ∂ ρ ϕ∂ ρ ϕ). It follows from eqs. (7) and (12) that the trace of the matter energy-momentum tensor must be given by
where T = g µν T µν . Thus only matter fields with conformally invariant Lagrangian densities that satisfy eq. (13) can be coupled consistently to massive conformal gravity.
Dirac spinor fields
Most of the general coordinate invariant Lagrangian densities of massless matter fields are conformall invariant too. In these cases we do not need to modify such Lagrangian densities, which must remain independent of the scalar field ϕ. However, the same is not true for massive matter fields.
Let us consider the real valued general coordinate invariant Lagrangian density for a Dirac spinor field ψ of mass m, which is given by
where ψ = ψ † γ 0 is the adjoint Dirac spinor field,
µν is the Levi-Civita connection) and γ µ are the general relativistic Dirac matrices, which satisfy the anticommutation relation {γ µ , γ ν } = 2g
µν .
With the help of the conformal transformations (3),ψ = e −3θ(x)/2 ψ and γ µ = e −θ(x) γ µ its possible to verify that the massless term of the Lagrangian density (14) is conformally invariant whereas the mass term is not. However, considering the coupling of the Dirac spinor field ψ with both the metric g µν and the scalar field ϕ, we can generalize the Lagrangian density (14) to the conformally invariant Lagrangian density
where λ is a dimensionless coupling constant. Variation of the Lagrangian density (15) with respect to ψ and ψ gives the field equations
respectively. The second term in eq. (16) means that the coupled Dirac spinor field ψ, as well as the metric field g µν , get its mass through the scalar field ϕ in massive conformal gravity. By substituting the Lagrangian density (15) in eqs. (11) and (13), and using the field equations (16) and (17), we obtain
respectively. Additional use of the field equations (16) and (17) confirms that the trace of the energy-momentum tensor (18) is indeed given by eq. (19), as required by the theory. An incoherent averaging of eq. (18) over all the plane wave states propagating in a Robertson-Walker spacetime will bring the energy-momentum tensor to the usual form of a perfect fluid
where ρ is the fluid density, p is the fluid pressure and u µ is the fluid fourvelocity, which is normalized to u µ u µ = 1.
Final remarks
We have shown in this article that conformally invariant Lagrangian densities of matter fields must be dependent of both the metric and the scalar field in order to couple consistently with the gravitational field in massive conformal gravity. In particular, the Lagrangian density (15) yields a consistent coupling of the Dirac spinor field with the gravitational field. The application of the results obtained here to cosmology may be useful to explain the dark energy problem. This issue is under investigation now.
